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Abstract 

We improve an estimate obtained in [Br] for the average number of limit 
cycles of a planar polynomial vector field situated in a neighbourhood of the 
origin provided that the field in a larger neighbourhood is close enough to a 
linear center. The result follows from a new distributional inequality for the 
number of zeros of a family of univariate holomorphic functions depending 
holomorphically on a parameter. 


1. Introduction. 

1.1. Let / := {A G i? > 1, be a family of holomorphic (in the open 

unit disk Di) functions depending holomorphically on a parameter v varying in the 
open Euclidean ball B{s,R) C Hereafter B{s,R) and E{s,R) denote the open 
Euclidean balls in and centered at 0 of radius R, and D* := B{l,t) C C. 
Further, set 

A/,p(v) := G Dp; fv{z) = 0}; (1.1) 

in addition, Aff^piy) = +cx), if A = 0 identically on Di. In [Br] we proved 
Theorem. Assume that the family f satisfies 

sup^esp.i?) sup^eDi l/AUI . ^ 

- <M <oo . 

sup^eBp,!) sup^eD^ |A(UI 

Then for every T > 0 , the inequality 

|{u G E{s, 1) ; AffM > T}\ < ■ |E(s, 1)| 

holds with constants Ci,C 2 depending only on p, R . Here \E\ denotes the Lebesgue 
measure o/ E C . 
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We applied this result to estimate the average number of isolated closed trajectories 
(limit cycles) of a planar polynomial vector held situated in a neighbourhood of the 
origin provided that the held in a larger neighbourhood is close enough to a linear 
center. Central to this subject is the second part of Hilbert’s sixteenth problem 
asking whether the number of limit cycles of a planar polynomial vector held is 
always bounded in terms of its degree. This is one of the few Hilbert problems 
which remain unsolved (for the main results see e.g. [B], [E], [FY], [I] and references 
there in). According to Smale (see [S]) the global estimate should be polynomial in 
the degree d of the components of the vector held. The mean estimate obtained in 
[Br] is of the order (logd)^ which is substantially better than Smale’s conjecture. 

Theorem 1.1 ([Br,Th.A]) Consider the equation 

x = -y + F{x,y), y=x + G{x,y), 2 ) 

Fix,y) = Ei<i+k<dakix''y\ G{x,y) = J2i<i+k<dbkiX^y" , 


+ Y.\bki\‘^ ^ ■ (1-3) 

i,k i,k 

Let s := d{d + 3), d>2, be the dimension of the space of real coefficients of equation 
O- Let V be a point in this space, and C (n) be the number of limit cycles of the 
corresponding equation in the disk D 1/2 := {{x,y) G \x\^ + \y\^ < 1/4}. 

Inequality (O implies that v G E{s,N). Assume that 


N < 


1 

dOvTA/d 


(1.4) 


Then there exist absolute positive constants Ci, C 2 such that for any T > 0 


|{nGE(s,Y); C{v) >T}| < Cise-^^^^ogd . \e{s,N)\ . 


As a corollary we obtain 

Corollary 1.2 Under assumptions of Theorem o the average number of limit cy¬ 
cles of vector fields ([LSj) in the disk D 1/2 is bounded from above by c(logd)^ with an 
absolute constant c > 0. 


The main purpose of the present paper is to improve the above estimates. 

Let Ei{x,y) := OiqX + a^iy and Gi{x,y) := bi^x + boiy be the linear parts of E 
and G. We identify with the subspace of consisting of coefficients of the pair 
El, Gi- Let TT : —>■ be the natural projection in the space of coefficients and 
1/ C be a convex set such that 


|g(4.A')| 

U(V)\ 


< 5 < CO . 


(1.5) 


In what follows \E\ for E <Z V denotes the Lebesgue measure of E in A, where 
A C is the real affine hull of V. 


Under the assumptions of Theorem [l-ll and (|1.5|) we prove 
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Theorem 1.3 There exist absolute positive constants C'i,C' 2 ,C '3 such that for any 
T > 0 

|{i; e V"; C{v) > T}\ < ■ |1^| 


Corollary 1.4 There is an absolute positive constant c > 0 such that 

f C{v)dv < c(log5 + logd) . 

|\/| Jv 


In particular, for 5 = 1 we obtain that (logd)^ in Corollary p..2| can be replaced by 
logd. In view of Smale’s conjecture, the above inequalities are especially interesting 
when (5 is a polynomial function of d. 

1.2. We deduce Theorem from a new distributional inequality for families of 
univariate holomorphic functions depending holomorphically on a parameter. To 
formulate this result, we hrst recall some dehnitions from [Brl], 

Let Or denote the set of holomorphic functions defined on B{N,R) C C^. In 
[Brl, Th.1.1] we proved the following statement. 

Let f G Or, R > 1, and I be a real interval situated in B{N, 1). (Hereafter we 
identify with .) There is a constant d = d{f, R) > 0 such that for any I and 

any measurable subset uj <Z I 


sup I/I < (^'] sup I/I . (1.6) 

I y |a;| y 

The optimal constant in ( p..6|) is called the Chebyshev degree of / G Or in B{N, 1) 
and is denoted by df{R). For instance, according to the classical Remez inequality 
df{R) does not exceed the (total) degree of /, provided that / is a polynomial. 
Example 1.14 in [Brl] shows that even in this case it can be essentially smaller than 
the degree. Note also that df{R), can be estimated in terms of the valency of / (see 
[Brl,Prop.1.7]). 

We are ready to formulate our second result. 


Theorem 1.5 Let f := {f^ G Or,R > 1} be a family of holomorphic in Di 
functions depending holomorphically on v. Define fo{v) := fv{0) G Or. Let 
V C B{s, 1) C C'^(= M^^) be a convex set of real dimension k. Assume that 


sup sup |/^(^)| < Ml < oo and sup |/o('y)| > M 2 > 0. 

veV ^eDi vev 

Then for p < 1 and every T > 0 , 

\{v eV ■ Mf^p{v)>T}\<Ak(-^] ■ e-[i°g(Vp)/'='/o(^)R . |R| . 

\M2 / 

As a corollary we obtain 

Corollary 1.6 Under the assumptions of Theorem 

1 f ^ df^{R)\og{Aek) +\og{Mi/M 2 ) 

M -toidTrt-■ 
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2. Proof of Theorem |1.5| and Corollary |1.6| . 


1.5| . We first recall the classical Jensen ineqnality (see e.g. 


Proof of Theorem 

[R,p.299]). 

Let / be a holomorphic fnnction in Di continnous on snch that /(O) 7 ^ 0. Let 
n/(r) be the nnmber of zeros of / in D^, 0 < r < 1 , connted with their mnltiplicities, 
and Mf := snp^i |/|. Then 


ni(r) < 


log(Mp|/( 0 )|) 

log(l/r) 


( 2 , 1 ) 


Let ns denote a;(T) := {v e V ; Aff^p{v) >T}. Then exactly as in [Br, Prop.2.1] 
one can check that the fnnction A//^p is npper semicontinnons on P \ S', where S 
is a certain closed snbset of V and [S'! = 0. In particnlar, uj(T) is measnrable. 
Withont loss of generality we will assnme that there is an a: G a;(T) snch that 
suPt^(T) l/ol = \foix)\. Then from ( pT]) and [Brl,Th.l.9] we have 


and M, < aup |/„| < 




■ sup l/ol 

^(T) 


From these ineqnalities we obtain 


T < 


log(l/p) 




dfoiRy 


The latter is eqnivalent to the reqnired ineqnality. 

Proof of Corollary |1.6| . Let 


□ 


K := 


log[(Mi/M2) ■ 


log(l/p) 

Then a well-known formnla and the ineqnality of Theorem |1.5| imply 

1 


^ = f uj(T)dT 


< 



mm 


dT + Ak 



{ 1 , 4k \ g-[iog(i/p)/rf/o(R)]r| ^ 

POO , / , V , 

/ e-[logil/p)/df^(R)]T^j. _ ^ ^ df^{R)/ log(l/p) = 

df,{R) log(4efc) + log(Mi/M 2 ) ^ 
log(l/p) 
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3. Proof of Theorem |1.3| and Corollary |1.4| . 


For completness of the proof we repeat some arguments presented in [Br], 
Passing to polar coordinates in equation (|1.2|) we get 

dr P 


d(j) 1 -\- Q 


(3.1) 


where P(r» := -P-’y)+yG{x,y) ^ xGix,y)-yF{x,y) ^ X = rcos(j), y = rsin0. 

Let us complexify r: r G Di = { 2 ; G C ; \z\ < 1}. Consider equation (|1.2|) with 
complex coefficients that satisfy (|1.3D. In the domain P = ©1 x [0, 27r] we have 


sup 

u 


F{x,y) 


H (cos(^)2*^(sin0)2*< / ^ \aki\^ ■ Vd 


l<i-\-k<d 


l<i+k<d 


l<i-\-k<d 


Similarly, 


Hence, by ([Ol) , 


For the N of ( p..4|) . 


sup 

u 


G{x,y) 


sup 

u 


p 


1 + Q 


- J ^ • 

Y l<i-\-k<d 


< -^ =: On 


1-NVd 


^2N ^ 3 N\/d < 


407r 


(3,2) 


Proposition 3.1 Consider the equation 


dz 

d(j) 


H{z,(f)) ■ z, 


{z,(j))eU, sup I id I < (527V, 
u 


(3.3) 


where 62N satisfies Then any solution z{(j)) of 

z{0)e D3/4 may be extended to [0,27r], and \z{(l)) — z 


_ with initial condition 

< %TTN\fd\z{ 


Proof. We have = H. Hence, while \z{(l))\ < 1, (/> G [0,27r], we have 

k(0)| < e^^'^2^|z(0)| . 

This follows from the Lagrange inequality. But ^ 4 ^ 3 - hence, |.s(0)| < 

||z(0)| < 1. In particular, G U and 

z{cl)) = z(0)efo'’^^^(Gt)dt _ 


Thus we have 

k(0) - ;2(0)| < 1^(0)I ■ jefo < 1^(0)16^-52^27r(527v < 87rN\/djz(0)j. 
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Now let Py be the Poincare map corresponding to equation (|3.1|) obtained from 
a vector field v of the type (|1.2|) with complex coefficients. Consider the function 
gv{z) = ^-^ — 1 . According to the method of successive approximations to solutions 
of ( |3.1|) , gv{z) is holomorphic on B{s, l/{20ny/d)) x D3/4. The limit cycles of (|1.2| ) 
located in D 1/2 correspond to certain zeros of gviz) in ©1/2- For \z\ < 3/4 and 
V ^ B{s, 2N) we have \gviz)\ < 87rN\/d, by Proposition | 

Let us consider linearization of (|1.2|) 


X =-y + Fi{x,y), y=x + Gi{x,y) 


(3.4) 


Let w := (oio, Ooi, &10, &01) G be a point in the space of coefficients of (|3.4|) . The 
Poincare map for (p.4| ) can be calculated explicitly: 


fiw) := f 

Jo 


Pi(z) := e«"-> . 

2^^ oio cos^ (f) + 601 sin^ cj) + (ooi + &10) sin 0 ■ cos </> 

1 + 610 cos2 (f) — ooi sin^ 0 + (601 — cpo) sin </> ■ cos cj) 

Also it is easy to see that 

9o(o) := 9.(0) = - 1 . 

Let Vq be the vector field defined by 


(3.5) 


d(j) . 


N 


N 


By definition, uq G E{s, N) and 

^o(^^o) = - 1 > V2nN . 

Further, h{v) := go{v/{AOnVd)) G O 2 . Let D := dh{2) be the Chebyshev degree of 
h in the ball B{s, 1). Since h is pullback by tt of a holomorphic function defined 
on 5(4,2) C C^, D coincides with the Chebyshev degree of ^1^(4 2) in 5(4,1) and 
therefore it does not depend on s. 

Now assume that V C 5(4, A^) satisfies ( [I.5|) . Then [Brl,Th.l.9] applied to 
go\E( 4 ,N) implies that 


D 


sup |5'o|E(4,Af)| > (1/165)^ sup \go\E{4:,N)\ > (l/165)^|5fo(vo)| > \/27iN{l/16S) 

7t{V) E{4:,N) 

Butsup,,(y) \go\E( 4 :,N)\ = supy |5fo|. Thus applying Theoremto g{v, z) := gvi'iz/A) 
with Ml = S^Ny/d and M 2 = \/2eN{1/16S)^, and using the fact that k < s < ?>d^ 
(for d > 2), we have 

|{^ G B; C{v) > T}\ < |{y G 4" ; A4,2/3 (u) > T}\ < Ci6d^^ ■ ■ |4"| 

with Cl = 6 ■ 321+F20, 52 = 2 + 1/25 and C 3 = log(3/2)/5. □ 
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Remark 3.2 We used in the proof the fact that {u G K; C{v) > T} is a measurable 
set. Indeed, C{v) coincides with the number of nonnegative zeros of gv{z). Then 
a slight modihcation of the proof of Proposition 2.1 in [Br] shows that outside of a 
set of measure 0 in V, the function C(v) is the pointwise limit of a nonincreasing 
sequence of measurable functions. In particular, C(v) is measurable. 

Proof of Corollary |1.4| . The result follows directly from Corollary [T^ . □ 

Remark 3.3 In general the inequality of [Br,Th.B] (see the beginning of this paper) 
is more powerful than that of Theorem |1.5| . 

The methods presented in this paper and in [Br] can be applied for more general 
equations of type (|1.2|) , where F, G are analytic functions of x and y depending 
analytically on a multidimensional parameter. 
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